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Abstract. The so-called 'change-of-ring' results are well-known expressions which 
present several connections between projective, injective and flat dimensions over the 
various base rings. In this note we extend these results to the Gorenstein dimensions 
over Cohen- Macaulay local rings. 

Introduction 

In 1967 Auslander [1] introduced the Gorenstein dimension of a finitely gener- 
ated module over a commutative noetherian ring. This provides a characterization 
of Gorenstein local rings analogous to the well-known Auslander-Buchsbaum-Serre 
characterization of regular local rings. But since the Gorenstein dimension is only 
defined for finitely generated modules, the analogy is not complete. In the 1990s 
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Enochs and Jenda in [10] introduced extensions of Auslander's Gorenstein dimen- 
sion, the so-called Gorenstein projective and Gorenstein flat dimensions, and the 
dual notion, the Gorenstein injective dimension and they get good results when the 
base ring is Gorenstein. 

Using Foxby equivalence, a nice theory for Gorenstein projective, flat and injec- 
tive dimensions over Cohen-Macaulay local rings was given in [13] and [15]. 

In this note we establish connections between Gorenstein projective, Gorenstein 
flat and Gorenstein injective dimensions of complexes over the various base rings. 
The note is based on the paper " L.Khatami and S.Yassemi, Gorenstein injective 
and Gorenstein flat dimensions under base change, To appear in Comm. Algebra" . 
Section 5 and also statements about Gorenstein projective dimension have been 
added to the main paper later. 

In section 1 we give the fundamental definitions and results of hyperhomological 
algebra. Details can be found in [14] and this is the main reference of section 1. 

In section 2 the Auslander and Bass classes over a Cohen-Macaulay local ring 
with a dualizing complex are introduced. It is well-known (cf. [4]) that over such 
a ring a homologically bounded complex has finite Gorenstein projective/flat (res. 
Gorenstein injective) dimension if and only if it is in the Auslander (res. Bass) class. 
Then in this section we prove some change of ring results about Auslander and Bass 
classes which will be used in our main results. For example we prove that: 

Let R and S be Q-algebras such that R is a Cohen-Macaulay local ring with a 
dualizing complex. If X and Y are homologically bounded (R, S)- bicomplexes and 
F and I two ^-complexes of finite flat and injective dimension, respectively, then 
the following hold: 
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(i) If X belongs to the Auslander class of R then RHoms(X, I) belongs to the 
Bass class of R and X 0^ F belongs to the Auslander class of R. 

(ii) If Y belongs to the Bass class of R then RHom^Y, I) belongs to the Aus- 
lander class of R and Y 0^ F belongs to the Bass class of R. 

The main results of this note are proved in sections 3, 4 and 5. 

In section 3 we prove the following result that is a generalization of [5; 6.4.13] 
and [17; (1.4)-(1.5)]. 

Let R and S be Q-algebras such that R is a Cohen-Macaulay local ring with 
a dualizing module. If X e C(R, S) (X is a homologically bounded complexes of 
(R, (S')-bimodules) and Y G C(jj)(S), then 

(i) G P d R (X ®l Y ) < pd s F + Gpd R X. 

(ii) Gid R {X ^ Y) < fd s F + Gfd^X. 

(iii) Gid R (RHom 5 (X, Y)) < id 5 F + Gfd R X. 

(iv) If Y e 1(S), then 
Gfd i? (RHom s (X, Y)) < Gid R X + sup Y 

In section 4 we work on finite local ring homomorphisms of finite flat dimension. 
We prove the next result which can be viewed as a generalization of the classical 
results for flat and injective dimension. 

Let ip : (R, m) — > (S, n) be a finite local ring homomorphism of Cohen-Macaulay 
local rings with finite flat dimension , (that is R and S are both Cohen-Macaulay 
rings with unique maximal ideals m and n respectively such that (p(m) C n and 
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where S is a finite i?-module with finite flat dimension over R.) Then the following 
hold for a ho mo logically bounded i?-complex X. 



(i) G P d s (S® R \X)<G P d R X. 

(ii) Gfd 5 (.S®^X) < Gfd^X. 

(iii) Gid^RHom^X)) < Gid R X. 

In section 5 we study the connections between Gorenstein dimensions of an S- 
complex over R and S, when <p : (R, m) — > (S, n) is a quasi Gorenstein local ring 
homomorhism and R a Cohen-Macaulay ring which admits a dualizing module. 
Convention. Throughout this paper by a ring we mean a commutative noetherian 
ring with non-zero identity. 



1. Homological Algebra 

This section fixes the notation and sums up a few basic results. The main 
reference is [12] but also one can consult [4]. 

An R-complex X is a sequence of i?-modules X e and i?-linear maps df , t G Z, 

df +1 df 

X — ■ ■ ■ — > Xi + i — > X^ — > X^_! — > • • • 

such that dfdf +1 = for all f 6 Z. X^ and are called the module in degree £ 
and the £th differential of X, respectively. 

The supremum and infimum of X are defined as 

sup X = sup {£ e Z|H £ (X) ^ 0}, and 
infX = inf {£ e Z\H e (X) ^ 0}. 



The symbol C(R) denotes the category of /^-complexes and morphisms of R- 
complexes. 

The full subcategories C n (R) ) C^(R) ) Cu{R) and C (R) of C(R) consist of com- 
plexes X with X e = , for respectively £ > 0, £ < 0, \£\ > 0, and £ 7^ 0. The full 
subcategories C( C )(i2), C( D )(i?) and C(n)(-R) of C(-R) consist of those X with H(X) 
belonging to C n (R), C^R), and Cn(-R), respectively. 

The right derived functor of the homomorphism functor of /^-complexes and the 
left derived functor of the tensor product of i?-complexes are denoted by RHom^(— , — ) 
and — ®]j — , respectively. 

The following inequalities hold for X, Z G C {ZS) (R) and Y G C (n) {R).{d. [12]) 

sup(RHom R (X, Y)) ^ supF — infX; and 
inf(X ®£ Z) > infX + infZ. 

A complex X G C(U){R) is said to be of finite projective (respectively, injective or 
flat ) dimension if X ~ U, where U is a complex of projective (respectivelyinjective 
or flat) modules and Ue = for \£\ 3> 0. 

The full subcategories of C(U) (R) consisting of complexes of finite projective, injective 
and flat dimension are denoted by V(R) , 1(R) and J~{R) , respectively. 

If X belongs to C(U){R) , then the following inequalities hold when P G V(R) , 
/ G 1(R) and F G F(R).(d. [12]) 
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inf(RHom i? (P,X)) ^ infX - pd R P; 
mi(R~Rom R (X, I)) ^ — supX — id??/; and 
sup(F ®| X) ^ fd^F + supX 

Let R and S be commutative Q-algebras. Then there are the following identities 
of equivalence of Q-complexes (cf. section 9 of [14]) 

Commutativity. If X G Cp)(-R) and Y G C(R), then 

X ®\Y = Y ®\X. 

Associativity. If X G Cp)(#), Y G C(R, S) and Z G Cp)(S), then 

(X ®\Y)® L S Z = X ®\ (Y ®^ Z). 

Adjointness. If X G C (ZS) (R), Y G C(R, S) and Z G Cp)(S), then 

KRom R (X, RHom 5 (F, Z)) = RHom 5 (X ®^ Y, Z). 

Tensor Evaluation. If R is noetherian and X G C^(R), Y G C(p)(R, S) and 
Z G C p) (S), then 

RHom R (X, Y® L S Z) = RHom R (X, Y) ^ Z, 

provided X G V (f) (R) or Z G F(S). 

Horn Evaluation. If R is noetherian and X G C^(R), Y G C^(R, S) and 
Z G 0(0(5), then 

X ®^ RHom 5 (F, Z) = RHom 5 (RHom i? (X, Y),Z), 

provided X G V (f) (R) or Z G J(S). 

(These results actually hold under less restrictive boundedness conditions men- 
tioned above (and in [14]) but we never use this wider generality.) 
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2. The Auslander and Bass classes 



First recall that a complex D is a dualizing complex for a local ring R when 
D e X^\R) and i? = RHom R (D, D). An i?-module K which is a dualizing complex 
for R is said to be a dualizing module. 

It is known that if R admits a dualizing module, it is a Cohen-Macaulay ring, 
and if R is a Cohen-Macaulay ring then every dualizing complex of R has only one 
nonzero homology module which can be considered as a dualizing module for R. 

Convention. In the rest of this section (R, m, k) will be a local ring with unique 
maximal ideal m, residue field k, and dualizing complex D. 

The Auslander class, A(R), of R is the full subcategory of C(R) consisting of all 
.R-complexes X satisfying 

(1) X e C in) (R) ; 

(2) D®\X e C ( o)(R); and 

(3) The canonical morphism X — > RHom R (D, D ®^ X) is an isomor- 
phism in C(R). 

The Bass class, B(R), of R is the full subcategory of C(R) consists of all R- 
complexes Y satisfying 

(1) Y e C (D) (R); 

(2) RRom R {D,Y) G C (a) {R); and 

(3) The canonical morphism Y <— L> ®^ RHohir(.D, F) is an isomor- 
phism in C(R). 
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The following propositions will be used to prove the main results of this note. 



2.1 Proposition Let R and S be two Q-algebras. Let X, Y G C(p)(R, S),F G F(S), 
and I G 1(S). Then the following hold: 

(i) If X G A(R) then RHom 5 (X, /) G B(R) and (X ^ F) G A(R). 

(ii) If Y G B(R) then RHom 5 (Y, /) G A(R) and (Y ®£ F ) G 

Proo/. (i) Suppose that X G „4(i?). Since X G C (n) (P,S) and 7 G 1(S) and 
F G .F(S), we have that RHom 5 (X, I) G £(□)(#) and X ®£ F G £(□)(#). From the 
equalities 

RRom R {D, RHom 5 (X, /)) = RHom 5 (D ®^ X, J); and 

D ^ (X ®£ F) = (D ®\ X) ^ F 

we get that RHom^(D, RHoms(X, /)) and D ®^ (X ®^ F) are both homologically 
bounded since so is D ®\ X. 
Finally note that 

D ®\ (RHom fl (£>, RHom 5 (X, /)) = D ®\ (RHohi 5 (F> ®\ X, /)) 

= RHom 5 (RHom i? (L', D ®\ X), 7) 

which is canonically isomorphic to RHoms(X, 7); and 

RHom i? (D, D ®^ (X ®£ F)) = RHom i? (D, (£> ®^ X) ®£ F) 

= RRom R {D, D ^ X) <g>£ F 

which is canonically isomorphism with X ®s F. 

Therefore RHom 5 (X, /) G and I^F6 ^(i?). 

The proof of part (ii) is analogous to the proof of part (i). □ 
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Recall that an injective S-module J is called faithfully injective if for all non-zero 
S-modules M we have Hom 5 (M, J) ^ 0. 

A flat S'-module P is called faithfully fiat if for all nonzero S-modules M we 
have M%P^0. 

Since in this note all rings are assumed to be noetherian it is clear that the 
module J = Unemaxs Es(S/n), the sum of injective envelopes of the S/n, for all 
maximal ideals of S, is a faithfully injective S'-module and S itself is a faithfully 
flat S-module. 

2.2 Proposition With the same conditions as those of the proposition (2.1), if 
J is a faithfully injective S-module and P is a faithfully flat S-module, then the 
following hold: 

(i) X G A{R) if and only if Hom s (X, J) G B(R) 

(ii) X G A(R) if and only if X ®s P G A(R) 
(hi) X G B(R) if and only if Hom 5 (F, J) G A(R) 
(iv) X G A{R) if and only if Y ® s P G 

Proof. The "only if" parts are clear from Proposition (2.1) since RHoms^, J) and 
Z ®g P are isomorphic to Homs(Z, J) and Z ® s P respectively, for all Z G C(S). 

Now we prove the "if" part of (i). The other claims can be proved with similar 
techniques. 

Since J is a faithfully injective S-module, if Hom 5 (X, J) is homologically bounded 
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then so is X. We also have 

Hom s (D®\X,J) = RHoms (D®\X,J) 

= RHom^D, Hom s (X, J)) G C (a) (R) 

then D®\X e C {D) (R). Finally 

Hom 5 (RHom jR (D, D <&\X), J) = RHom 5 (RHom i? (D, D <g>^ X), J) 

= D®\ RHom 5 (D ®\ X, J) 
= D®\ RHom^(D, RHom 5 (X, J)) 
= D®\ (RHom^D, Hom 5 (X, J)). 
Then Homs(RHoni R (.D, D ®^ X), J) is canonically isomorphism with Hom 5 (X, J) 
and hence RHohir(.D, D ®^ X) is canonically isomorphism with X. □ 

2.3 Proposition Let (p : (R, m) — > (£, n) be a finite local homomorphism of local 
rings such that S has finite flat dimension over R. If R has a dualizing complex 
then for X G £(□) (it!) the following hold: 

(i) If X G A(R) then S ®^ X G „4(S) 

(ii) If X G then RHom^X) G 6(5). 

Proof. Note that the S'-complex D = RHom R (S', D) is a dualizing complex for S, 
cf. [14; 15.28]. Also recall that since R is noetherian and S has finite flat dimension 
over R it has finite projective dimension over R too. 

(i) : See [6; 6.6]. 

(ii) : It is clear that RHom^S*, X) G C/\j\(S). We also have the following equalities: 

RHom s (I>, RRom R (S, X)) = BMom R (D ®£ S, X) 

= RRom R (D,X) 
= S®^ RHom R (D,X) 
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The latter is homologically bounded since HHom R (D, X) G C(a)(R) and fd^S* < oo, 
hence RHom 5 (.D, RHom^S, X)) G C (a) (S). Finally note that 

D ^ RHom 5 ( J D, RHom^S, X)) = D ^ (KRom R (D, X)) 

= D®x (RHom i? ( J D,X)) 
= RHom^S, D ®^ (RHom^D, X))). 

The complex X represents -D £g>^ RHohir(.D,X) canonically, then RHom^S", X) 
canonically represents D ®| RHoms(Z), RHom R (S', X)). □ 

3. Gorenstein dimensions 

In this section we study the Gorenstein dimensions of complexes of modules over 
a Cohen-Macaulay local ring which admits a dualizing module. 

Let P G C P (R) be homologically trivial. P is called a complete projective res- 
olution if the complex Hohir(P, Q) is homologically trivial for every projective R- 
module Q. 

A module M is said to be Gorenstein projective if there exists a complete projec- 
tive resolution P with C p = M. Observe that every projective module is obviously 
Gorenstein projective. 

The notation C GP (R) is used for the full subcategory (of C(R)) of complexes of 
Gorenstein projective modules. 

The Gorenstein projective dimension of X G Cp)(i2), Gpd R X, is defined as 

Gpd^X = inf { sup { I G Z\A e ^ 0} | X ~ A G C§ p (#) }. 

(The set over which infimum is taken is non-empty since any complex X G Cp) (i?) 
has a projective resolution that belongs to C GP (R).) 
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In particular, if M is a non-zero i?-module then Gpd^M is the smallest integer 
n > 0, such that there is an exact sequence 

^ T n ^ >Tx^T ^M^0 

where each Tj is a non-zero Gorenstein projective module. 

3.1 Theorem ([5], 4.4.5-4.4.16) Let R be a Cohen-Macaulay local ring which 
admits a dualizing module. For a complex X e Cp)(i?) the next three conditions 
are equivalent. 

(i) X e A(R) 

(ii) Gpd^X < oo 

(iii) X e C(n){R) and Gpd^X < supX + dimi?. 

Furthermore, if X G A(R) , then 

Gpd R X = sup {inf U - inf (RHom R (X, U))\U e F{R) A U ^ 0} 
= sup {-inf (RHom R (X, Q))\Q e Cg(R)} 
= sup {inf U - inf (RHom R (X, U))\U e 1(R) A U ^ 0} 

= sup {-inf (RHom R (X,T))|T e J (i2)}. 

Note that it is clear from the definition of the Gorenstein projective dimension 
that the inequality Gpd X < pd^Xholds. It is known that if pd^X < oo then 
equality holds, (cf. [5; (4.4.7)].) 

Let F G C F (R) be homologically trivial. F is called a complete flat resolution if 
the complex J ®^ F is homologically trivial for every injective i?-module J. 

A module M is said to be Gorenstein flat if there exists a complete flat resolution 
F with Cq = M. Observe that every flat module is obviously Gorenstein flat. 
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The notation C GF (R) is used for the full subcategory (of C(R)) of complexes of 
Gorenstein flat modules. 

The Gorenstein flat dimension of X G Cp)(i2), Gfd^X, is defined as 

Gfd R X = inf { sup { I G Z\A e + 0} | X ~ A G C^ F (i?) }. 

(The set over which infimum is taken is non-empty since any complex X G Cp)(i?) 
has a projective resolution that belongs to C GF (R).) 

In particular, if M is a non-zero i?-module then Gfd^M is the smallest integer 
n > 0, such that there is an exact sequence 

-> T n -> ► T x -> T -> M -> 

where each Tj is a non-zero Gorenstein flat module. 

3.2 Theorem ([5], 5.2.6-5.4.6) Let R be a Cohen-Macaulay local ring which admits 
a dualizing module. For a complex X G Cp)(i?) the next three conditions are 
equivalent. 

(i) X G A(R) 

(ii) Gfd^X < oo 

(iii) X G C(p)(R) and Gfd R X < supX + dimi?. 
Furthermore, if X G »4(i?) , then 

Gfd^X = sup {sup (U ®^ X) - sup U\U G J(i?) A U ^ 0} 

= sup {sup (U ®^ X) - sup U\U G ^(i?) A [/ ^ 0} 
= sup{sup(J®^X)|JG Cl{R)} 
= sup {sup (T ^X)\Te4(R)}. 
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Note that it is clear from the definition of the Gorenstein flat dimension that the 
inequality Gfd X < fd R X holds. It is known that if fd^X < oo then equality holds, 
(cf. [5; (5.2.9)].) 

Let / G C 7 (i?) be homologically trivial. / is called a complete injective resolution 
if the complex Hohir( J, /) is homologically trivial for every injective i?-module J. 

A module N is said to be Gorenstein injective if there exists a complete injec- 
tive resolution / with Z\ = N. Observe that every injective module is obviously 
Gorenstein injective. 

The notation C GI (R) is used for the full subcategory (of C(R)) of complexes of 
Gorenstein injective modules. 

The Gorenstein injective dimension of Y G C( C )(i?) , Gid^F, is defined as 

Gid R F = inf { sup { t G Z\B_ e ^ } | Y ~ B e C GI (R)} 

(The set over which infimum is taken is non-empty since any complex Y G 
C( C )(i?) has an injective resolution that belongs to C GI (R).) 

So in particular, if M is a non-zero i?-module then Gid^M is the smallest integer 
n > 0, such that there is an exact sequence 

-> M -> H° -> H 1 -> > # n -> 

where each if 1 is a non-zero Gorenstein injective module. 

3.3 Theorem ([5], 6.2.5) Let R be a Cohen-Macaulay local ring which admits a 
dualizing module. For a complex Y G C( C )(i?) the following conditions are equiva- 
lent. 

(i) Y G B(R) 
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(ii) Gid^F < oo 

(iii) F G C(p)(R) and Gid^F < -infF + dimR. 
Furthermore if Y G B(R), then 

Gid^F = sup {-sup U - inf (RRom R (U,Y))\U G 1(R) A U ^ 0} 
= sup {-inf (RHom fi (J,F))|J G C£(i2)}. 

Note that from the definition of the Gorenstein injective dimension that the 
inequality Gid^F < id^F holds. It is known that over a local ring with dualizing 
module if idnY < oo then equality holds, (cf. [5; (6.2.6)].) 

In the next theorem R and S are assumed to be Q-algebras. 

3.4 Theorem Let R be a Cohen-Macaulay local ring with a dualizing module D. 
If X G C(R, S) and F G C (n) (S), then 

(i) G V d R (X ®l Y ) < pd s F + Gpd R X. 

(ii) Gid R (X ®^ F) < fd s F + Gfd^X. 

(iii) Gid R (RHom 5 (X, F)) < id 5 F + Gfd R X. 

(iv) If F G 1(S), then 
Gfd i? (RHom s (X, F)) < Gid R X + sup F. 

Proof. To prove each inequality we assume that the right hand side terms are finite, 
the inequality is clear if one of the terms is infinite. 

By (3.1, 3.2, 3.3) and (2.1), finiteness of the right hand side terms of each in- 
equality implies the finiteness of the left hand term side of it. 
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(i) We have 

Gpd R (X ^ Y) = sup{-inf(RHom R (X ®£ Y,T)\T G C^(S)} 

= sup{-inf(RHom 5 (r,RHom i? (X,T))|T G C^(R)} 
< sup{-inf(RHom fi (X,T)) + pd 5 F|T G C p (i?)} 
= Gpd i? X + pd s K 

(ii) We have 

Gfd^X ^ Y ) = sup{sup(J ®\ (X ^ Y) R )\J G C*(R)} 
= sup{sup((J ® L R X) ®l Y))\J G C '(i2)} 
< sup {sup (J ®\ X) + id s Y\J G C 7 (i?)} 
= Gfd^X + fd s Y. 

(iii) We have 

Gid i? (RHom 5 (X, Y)) = sup{— inf((RHom jR ( J, RHom 5 (X, Y))\J G C&(R)} 

= sup{-inf(RHom s (J®^ X,Y))\J G (%(R)} 

< sup{sup(J ®^ X) + id s Y\J G Cl{R)} 
= Gfd R X + id 5 F. 

(iv) We have 

Gfd R (RHom s (X,F)) = sup{sup((J <g>^ RHom s (X, Y))\J G X$(R)} 

= sup{sup(RHom 5 (RHom fi (J,X),F))|J G 2^(i2)} 

< sup{-inf(RHom i? (J,X) + supF| J G 2^(i2)} 

< Gid R X + supF. 

3.5 Corollary Let i? be a Cohen-Macaulay local ring with a dualizing module. 
: i? — > 5 is a ring homomorphism and F G C(n)(S f ), then 
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(i) Gpd^F < pd 5 F + Gpd R S. 

(ii) Gfd R F < fd 5 F + Gfi R S. 

(iii) Gid R F < id s Y + Gfd R ,S. 

(iv) If id R Y < oo , then Gfd R F < Gid R S + sup F. □ 

3.6 Corollary With the same conditions as (3.5), if S is a Gorenstein local ring 
then 

Gfd R S < Gid R S < Gfd R S + dim S. 
In particular if S is self-injective, then Gfd# S = Gid R S. □ 

3.7 Proposition Let R and S be Q-algebras such that R is a Cohen-Macaulay 
local ring with a dualizing module. If J is a faithfully injective S'-module and P is 
a faithfully flat S'-module, then the following hold for X e C(D)(i2, S). 

(i) Gfd fi (X® 5 P) = Gfd i? X 

(ii) Gid^ (Hom 5 (X, J)) = Gfd^ X 

(iii) Gfd R (Hom 5 (X, J)) < oo then Gid^X < oo. 

Proof, (i), (ii) By (2.2(i),(ii)), (3.2) and (3.3) we have that Gid i? Hom 5 (X, J) < oo 
if and only if Gfd^ X < oo if and only if Gfd R (X ® s P) < oo. 

The equalities are clear from the proof of (3.4) , since the inequalities there 
become equalities for faithfully injective J and faithfully flat P. 

(iii) Use (3.2), (3.3) and (2.2 (hi)). □ 
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Remark. It is natural to ask about the equality of part (c). We were unable to 
prove that equality always holds. We do not even know whether an i?-module M is 
Gorenstein injective if and only if Hohir(M, E) is Gorenstein flat, for every injective 
.R-module E. 

3.8 Corollary Let R be a Cohen-Macaulay local ring with a dualizing module and 
ip : R — > S a ring homomorphism. If X G C(n)(S), and p is a prime ideal of S 

(i) If Gfd R Xp < oo, then 

Gid R (Hom 5 (X,E 5 ( 1 S/p))) = Gfd R X p . 

(ii) If Gid^Xp < oo, then 

Gfd R (Hom 5 (X,E s ( 1 S/p))) < Gid R X p . 

Proof. Note that 

Eom s (X,E s (S/p)) = Eoms(X,Rom Sp (S p ,E s (S/p)) 

= Rom Sp (X p ,E s (S/p)). 

Now use (3.7). □ 

4. Finite local ring homomorphism 

In this section (p : (R, m) — > (S, n) is a finite local ring homomorphism of 
Cohen-Macaulay local rings. We also assume that R has a dualizing module D, and 
consequently (RHom R (S', D)) is a dualizing module for S. 

4.1 Theorem If fd R S < oo, then the following hold for X e C(p)(R)- 
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(i) Gpd s (S® L R X)<Gpd R X. 

(ii) Gfd^S^x) < Gfd R X. 

(iii) Gid 5 (RHom i? ( 1 S,X)) < Gid R X. 

Proof. We prove each inequality when the right hand side term of it is finite, other- 
wise there is nothing to prove. 

(i) We assume that Gpd^ X < oo. Then by (2.3(i)) Gpd 5 (S ®^ X) < oo. 
Therefore 

Gpd 5 (5®^X) = sup{-M(RRom s (S® R -X,Q))\Q G C?(S)} 

= sup{-inf(RHom i? (X, RHom 5 (5, Q)))\Q G C?(S)} 
= sup{-inf(RHo mi? (X,g))|g G C?(S)} 

By [2; (4.2(b))] Q has finite projective dimension over R if it has finite projective 
dimension over S. Then 

Gpd 5 (S®^X) < Gpd^X. 

(ii) We assume that Gfd^ X < oo. Then by (2.3(i)) Gfd s (S ®^ X) < oo. 
Therefore 

Gfd 5 (S ^ X) = sup {sup (J <g>£ (S ^ X))\J G C'(S)} 
= sup{sup(J ®^ X)\ J G C'{S)} 

By [2; (4.2(b))] J has finite injective dimension over R if it has finite injective 
dimension over S. Then 

Gfd 5 (S®^X) < Gfd R X. 
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(iii) We assume that Gid^X < oo. Then by (2.3(h)) Gid 5 (RHom i? ( 1 S, X)) < oo. 
And 

Gid 5 (RHom i? ( 1 S,X)) = sup{-inf(RHom 5 ( J, RHom^S, X))| J G C^S)} 

= sup{-inf(RHom i? (J,X))|J G C^S)} 
< Gid R X. 

□ 

Recall that for x G m the complex — > R — > R — > concentrated in degrees one 
and zero is called the Koszul complex of x and denoted K(x). For x = xi, x n G m 
the Koszul complex K(x) of xi,...,x n is the complex K(xi)<S>r • • • <8>RK(x n ). Note 
that K(x) is a homologically bounded i?-complex of finite free i?-modules. 

The sequence x = xi, ...,x n of elements of m are i?-regular if and only if K(x) 
has zero homology modules except at K(x) ,and when this is the case the homology 
module in degree zero is R/(x). (cf. [4; 1.6.19]). 

4.2 Proposition Let G R be an i?-regular sequence and let X G 

C(U)(R), then the following hold 

(i) Gpd R/{x) (K(x) ® R X) < G V d R X 

(ii) Gfd fl/(x) (K(x) ® R X) < Gfd R X 

(ii) Gid fl/(x) (Rom R (K(x),X)) < Gid R X. 

Proof. It is clear from remark (4.2) that K(x) is a free resolution for R/(x), then 
the above inequalities are consequences of (4.1). □ 

Remark. Note that the converses inequalities of (4.2, (i) and (ii)) hold when X is a 
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finite -R-module and x a X-regular sequence (cf. [5]). However we could not prove 
the converse inequality in the general case. 

5. Quasi-Gorenstein ring homomorphisms 

In [3], Avramov and Foxby have defined quasi- Gorenstein ring homomorphisms. 

5.1 Definition Let : (R,m) — > (S, n) be a local ring homomorphism. Let D be 
the dualizing complex of R, then is said to have finite Gorenstein dimension ,if 
and only if S belongs to A(R); and is said to be quasi- Gorenstein at n, if and only 
if it has finite Gorenstein dimension and D ®\ S is a dualizing complex for S. 

They have also proved ([3], 7.9) that if is quasi-Gorenstein at n, then an S- 
complex X is in A(S), respectively, B(S), if and only if it is in A(R), respectively, 
B(R). 

In this appendix, using this fact, we present connections between Gorenstein 
dimensions of an S'-complex over R and S, when : R — > S is a quasi-Gorenstein 
ring homomorphism. 

5.2 Theorem Assume that (R, m) is a Cohen- Macaulay local ring with a dualizing 
module D. If : (R, m) — > (S, n) is quasi-Gorenstein at n, then the following 
inequalities hold for X e C(S). 

(i) Gpd R X < Gpd s X + Gpd R S. 

(ii) Gfd^X < Gfd s X + GfdflS'. 

Proof. Since S E A(R), the module D<g) R S represents D ® R S ( cf. [5 ,3.4.6]). 
Then S is a Cohen-Macaulay local ring with a dualizing module and hence Gpd 5 X 
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and GfdsX are finite if and only if Gpd^X and Gfd^X are finite. 
Now let X G A(S), then using fundamental equalities we have 

Gpd R X = sup{-inf(RHom fl (X,T))|T G I (R)} 

= sup{-inf(RHom fl (X ®£ S} T))\T G I Q (R)} 

= sup{-inf(RHom s (X, RHom K (5, T)\T G I (R)} 

< sup{inf(RHom i? (5,T)) - inf(RHom s (X, RHom K (S, T))\T G 1 (R)} 
+sup{-inf(RHom /? (S,T)|T G Z (R)} 

< Gpd s X + Gpd R S. 

And 

Gfd R X = sup{sup(f/ ®%X)\Ue ^(R)} 

= sup{sup([7 ®k (S ®£ X))\U G F Q {R)} 
= sup{sup((f/ ^ S) ^ X)\U G F Q {R)} 

< sup{sup((f/ ®\ S) ^ X) - swp(U ®^ S)\U G Fo{R)} 
+sup{sup(f/ <g)£ G J=b(i2)} 

< GfdsX + Gfd R S. 

□ 

Avramov and Foxby have proved that if (f) : R — > S is quasi-Gorenstein at n, 
the inequalities of the above theorem become equalities provided that S is a finite 
-R-module and X a finite S'-module.f^] Note that when this is the case, the Gorenstein 
projective and flat dimensions are equal to the Auslander's G-dimension. 

To prove the dual of the theorem, we provide some preliminaries. 

For an complex X G C^(R), Christensen, Foxby and Frankild defined the small 

restricted covariant Ext-dimension of X as follows. 

3 L. Avramov informed us that this result is a consequence of a result due to Golod. 
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rid R X = sup{-inf(RHo mj? (T, X)\T e V ( n } 

= sup{-supf/ - mi(RHom R (U,X)\U G J*fi(R)}. 
They have proved that the inequality rid^X < id^X always holds, and it be- 
comes equality if cmdi? < 1 and id^X < oo.(cf.[7]) 

5.3 Theorem Let M be an i?-module. The following inequality always holds. 

rid R M < Gid R M. 
The equality holds if cmdi? < 1 and Gid^M < oo. 

Proof. If Gid^M is not finite, then the claim is obvious. Now let n = Gid^M 
be finite. We prove the theorem by induction on n. 

If n = 0, then M is a Gorenstein injective module and then there exists an exact 
complex 

/ = ► ij_ _> / _> M -> 

with Ij s injective modules . 

If T is a finite i?-module of finite projective dimension t, then since Ext^(T, M) = 
Ext£*(T, Z{), we have Ext* fl (T, M) = for all % > 0. Therefore rid R M = 0. 

If n > 0, then by [17, 2.45], there exists a Gorenstein injective i?-module G and 
an i?-module C with id^C = Gid^C = n — 1, such that the following sequence is 
exact. 

O^M^G^C^O 

For any finite -R-module T of finite projective dimension, we have the exact 
sequence 

= Ext^T, C) -> Extjj(T, M) -> Ext R (T, G)=0 
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for i > n. 

Therefore rid^M < Gid^M. 

Now let cmd-R < 1. To prove the inverse inequality, note that since G is a 
Gorenstein injective module, there exists an injective i?-module E and an exact 
sequence 

^ K -> E ^ 

with K a Gorenstein injective i?-module, too. 

On the other hand we have the isomorphisms C = G/M and G = E/K. Then 
there exists a submodule L of E such that K C L and M = L/K, and then 
C = E/L. 

From the following exact sequence, we get id^L < id^C = n. 

^ E^C ^ 
Now consider the exact sequence 

Since Gid R M = n, there exists an injective i?-module J with Ext^( J, M) ^ 0. 
Hence from the exact sequence 

Ext£(J, L) -> Ext£(J, M) -> Ext" +1 (J, if) = 0, 

we get Ext^( J, L) 7^ and then id^L > n. 

Therefore rid^L = id^L = n, and then there exists a finite .R-module Q of finite 
projective dimension such that Ext^(Q, L) 7^ 0. 

Finally the exactness of 

= Ext£(Q, X) - Ext£(Q, L) - Ext£(Q, M) 
implies that Ext£(Q, M) 7^ and then rid^M > n. □ 
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5.4 Theorem Assume that (R, m) is a Cohen-Macaulay local ring with a dualizing 
module D. If : (R, m) — » (5, n) is quasi-Gorenstein at n, then the following 
inequalities hold for an ^-module M. 

Gid R M < Gid s M + Gid R S. 

Furthermore, the equality holds if S is a finite i?-module and M a finite S-module. 

Proof. Since is quasi-Gorenstein, Gid R M is finite, if and only if GidsM is 
finite. Let GidsM < oo, then 

Gid R M = sup{-inf(RHom fl (T, M)|T G V { f) (R)} 

= sup{-inf(RHom R (T, KKom s (S, M)))\T G V { f) (R)} 
= sup{-inf(RHom 5 (T ®^ S, M))\T G V { f) (R)} 

< sup{-sup(T ®^ 5) - inf(RHom 5 (T ®^ 5, M))|T G V^iR)} 
+sup{sup(T ®^ 5 )| T e 

< Gid 5 M + Gfd R S. 

Now let S be a finite i?-module and M a finite S'-module. By [5, 6.2.15], the 
following equalities hold. 

Gid R M = depthi? and Gid 5 M = depthS. 

And then the requested equality follows by Auslander-Bridger formula. □ 
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